Let S, 7"[, ... , T k be finite semigroups and p,: S •-• T t be embeddings. When CIS] is semisimple, we find necessary and sufficient conditions for the semigroup amalgam (T x , ... , T k ; S) to be embeddable in a finite semigroup. As a consequence we show that if S is a finite semigroup with C[S] semisimple, then S is an amalgamation base for the class of finite semigroups if and only if the principal ideals of 5 are linearly ordered. Our proof uses both the theory of representations by transformations and the theory of matrix representations as developed by Clifford, Munn and Ponizovskii
Introduction
While the theory of matrix representations has played a critical role in finite group theory, the same is not so far true in finite semigroup theory. In this paper we give an application of linear representation theory to the study of finite semigroup amalgams.
A basic open problem in finite semigroup theory is to determine when a finite semigroup S is an amalgamation base for the class of finite semigroups. It was shown by Hall and one of the authors [6] that a necessary condition is that the ,/"-classes of S are linearly ordered. Then Hall [5] showed that any finite inverse semigroup with linearly ordered ^"-classes is an amalgamtion base for the class of finite inverse semigroups. Moreover, he conjectured (private communication) that such a semigroup is also an amalgamation base for the class of finite semigroups. For combinatorial inverse semigroups, this 490 Jan Okninski and Mohan S. Putcha [2] was established by Hall and the second named author in 1987 (unpublished). At the same time the author was informed by Hall that he could also prove the result for finite groups. In this paper we establish a much more general result, namely that if 5 is any finite semigroup with linearly ordered y-classes and the semigroup algebra C[S] semisimple, then S is an amalgamation base for the class of finite semigroups. Combining this with an earlier result of the authors [8] , it follows that the multiplicative semigroup ^( F ? ) is an amalgamation base for the class of finite semigroups. A related open problem is to find necessary and sufficient conditions for embedding a finite semigroup amalgam into a finite semigroup. Again we solve the problem when C[S] is semisimple, where S is the core semigroup. The conditions are in terms of the associated maps between the partially ordered sets of regular ^-classes.
Main results
Let S be a finite semigroup. If Y C S, then we let We let %(S) denote the partially ordered set of regular ^"-classes of S. If P, Q are partially ordered sets, then a map 6: P -* Q is strict order preserving if for all a, b e P, a < b implies 8(a) < 0(b). If S, T are finite semigroups and ip\ S <-» T is an embedding, then the induced map <p: W{S) -* &(T) is strict order preserving.
If a finite semigroup S acts (on the left) on a finite set X, then as usual we say that X is an ^-system. Let X be a (7-system where G is a finite group with identity element e . Then Y = eX is a disjoint union of (/-orbits r,, ... , Y t . Let [3] Embedding finite semigroup amalgams 491
a finite semigroup T and embeddings (p x \ S <-> T, q> 2 : G^-> T such that
PROOF. Let X be a finite set on which S acts faithfully. For a subgroup
Then as a G-system, Y H has at least one orbit of type H. Let Y denote the disjoint union of \X\ copies of Y H as H ranges through all the subgroups of G. Then G acts faithfully on Y e and hence on Y. Also a (7-orbit of each type occurs at least \X\ times. Let / = {a € S | e f SaS) and let V be the Rees factor semigroup S/I.
As a (7-system W H has at most two pseudo-orbits: one of type H and possibly a trivial one. Thus by adding the needed copies of W H 's to X, we can assume that for each subgroup H of G, H / G, the number of pseudo-orbits of type H of the (/-system X is equal to the number of orbits of type H of the (7-system Y. Since we can obviously add the needed number of trivial orbits to X or Y, we can assume that the number of trivial pseudo-orbits of X is also equal to the number of trivial orbits of Y. Then the (r-systems eX and Y are isomorphic. So we can assume that Y -eX. Then G acts faithfully on X as: gx = g{ex), x € X, g € G. We can then take T to be the full transformation semigroup on X. COROLLARY 
Let S be a finite semigroup, e e E(S), G the %?'-class of e. Let H x , H 2 be subgroups of G, a: H { -> H 2 an isomorphism. Then there is a finite semigroup T containing S and an element x in the %?-class of e in T such that x~xhx = o(h) for all h&H x .
PROOF. By [7, Section 18] , there is a finite group G containing G such that a is given by conjugation in G. The result now follows from Lemma 1. REMARK 3. Let F be a finite field. Then T embeds into some Jt n (F). So there exists y e GL(«, F) such that y~lhy = a{h) for all h e H { . 
, k. Then for any field F, there is an embedding of T into some -># n {F) such that each J e%f(T) consists of matrices of rank a(J).
Jan Okniriski and Mohan S. Putcha Then $»(./,•) consists of matrices of rank a, + X) w j (^-) + n i where the sum is taken over all j such that /, > / ; . Thus, we have to solve the system of equations Finally, we will need the following consequence of matrix representation theory of finite semigroups. PROPOSITION 
Let S be a finite semigroup such that the semigroup algebra F[S] is semisimple for a finite field F. Assume that V, W are finite dimensional left F[S]-modules of the same dimension such that, for every e = e 2 e S and the &-class H of e in S, eV and eW are isomorphic as F[H]-modules. Then V, W are isomorphic F[S]-modules.
as F[e fc Se fc ]-modules, and so as F[i/]-modules for the ^"-class H of e k in S. Since There is x € GL(«,i r ) such that x~xq>,(e)x - 
